Generation and Evolution of Spin Entanglement in NRQED by Liu, Ru-Fen & Chen, Chia-Chu
ar
X
iv
:q
ua
nt
-p
h/
03
05
01
4v
3 
 7
 S
ep
 2
00
3
Generation and Evolution of Spin Entanglement in NRQED
Ru-Fen Liu∗ and Chia-Chu Chen†
National Cheng-Kung University, Physics Department
Center for Quantum Information Science
1 University Road, Tainan, 70101, Taiwan, R.O.C.
ABSTRACT
Analysis on the generation of spin entanglement from non-relativistic QED is presented.
The results of entanglement are obtained with relativistic correction to the leading order of
(vc )
2. It is shown that to this order the degree of entanglement of a singlet state does not
change under time evolution whereas the triplet state can change.
The generation of entanglement states is one of the important problems of quantum
information science. This is due to the fact that entanglement is the essential source of
quantum computing and quantum information processing. An interesting example of en-
tanglement is the famous Einstein-Podolsky-Rosen (EPR) pair[1] which has been suggested
to provide secure quantum communication[2]. Recently, experimental works have produced
photons which are in the entangled states and have been used in showing violation of Bell’s
inequality[3] and quantum teleportation[4]. However, the generation of entangled states of
electrons have only been suggested theoretically[5]. By realizing the fact that the long spin
dephasing time of electrons in semiconductor, the conservation of electron number in the
non-relativistical limit and the rapid development in the research of quantum dot systems,
it seems quite promising that electronic entanglement can provide a scalable approach to
quantum computing.
Achieving quantum computation requires precise manipulation of the controlled Hamil-
tonian. In Loss and DiVicenzo’s work[5], they proposed to implement quantum gates by
a time dependent Heisenberg spin Hamiltonian. More recently, generation of EPR states
from two-electron mixed state has also been proposed in quantum dots system[6]. As all
effective interactions in condensed matter system are basically electromagnetic, it is there-
fore interesting to address the entanglement problem within the framework of Quantum
Electrodynamics(QED). This approach not only has the advantage of relativistic invariance
but also takes care of the problem of indistinguishable property of electrons. In a recent
paper, Pachos and Solano[7] have discussed the problem of the relativistic invariance of en-
tanglement by using QED. They have also claimed to obtain the Heisenberg Hamiltonian by
considering the lowest-order scattering process of two electrons. Since magnetic interactions
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are of relativistic nature, it is important to consider all the relativistic effects to the same
order. Due to the fact that electrons are fermions, the antisymmetric nature of the state
vector leads to interesting results which do not arise for non-identical particles. Moreover,
there is also another aspect of entanglement which needs to be addressed. Namely, the
effects of interaction on the evolution of entanglement states should be investigated. The
problem of entanglement and identical particles has also been addressed by Omar et al[8],
however they concentrate on transferring entanglement from the internal to the spatial de-
grees of freedom without considering interaction. In this work, we analyze the generation
and evolution of entangled electron pair within the non-relativistic(NR) expansion by in-
cluding the interaction effects to the order of (vc )
2 and using properly antisymmetric wave
function. Consistency then requires the QED corrections to O(α2) with α being the fine
structure constant. Therefore, for completeness, the two-photons exchanged processes are
also discussed in this work.
Due to the non-relativistic approach of this work, the state of the two-electron system
can be expressed by a wave function. Furthermore, with electrons being identical fermions,
the total wave function of the electron system is required to be totally antisymmetric. In
discussing scattering process the total wave function of two electrons Ψ can be expressed
by the direct product of spatial wave function ψ and spin wave function χ : Ψ = ψ ⊗ χ.
For the moment it is appropriate to introduce the concept of Schmidts decomposition on
the spin wave function such that the entanglement analysis can be performed effectively.
The wave function of any bipartite system is expressed as a double sum. The Schmidts
decomposition procedure asserts that the double sum can be expressed as a single sum by
local unitary transformation. For example, the spin state vector of two spin-1/2 particles
is:
|χ〉 =
∑
nm
Cnm|ζn〉A|ωm〉B , (1)
where {|ζ1〉, |ζ2〉}A and {|ω1〉, |ω2〉}B are two sets of orthonormal basis which belong to the
spin Hilbert space of the bipartite system A andB. By applying the Schmidts decomposition
procedure |χ〉 can be reduced as :
|χ〉 = a1|η1〉A|ξ1〉B + a2|η2〉A|ξ2〉B . (2)
Here, {|η1〉, |η2〉}A and {|ξ1〉, |ξ2〉}B are the two possible incomplete orthonormal basis of
the Hilbert space, where {a1, a2} are Schmidts coefficients which satisfy the normalization
condition
2∑
i=1
a2i = 1. This decomposition procedure is particularly useful for expressing
entangled state. For this two-spin system, if all ai are non-vanishing then the system is
spin entangled which means the state vector |χ〉 can not be expressed as a direct product
|η′〉A|ξ′〉B . By picking a special direction as z-axis, one can define a conventional basis {|↑
〉, |↓〉} along this axis such that any spin state vector can be expanded as linear combination
of these basis vectors. Denoted a symmetrized and entangled spin vector as |χES 〉, the general
form written in the conventional basis is:
|χES 〉 = C |↑↑〉 +D(|↑↓〉+ |↓↑〉) +G |↓↓〉 with D2 6= CG. (3)
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By tuning the coefficients C, D and G, three of the Bell states, |Φ±〉 = 1√
2
(|↑↑〉± |↓↓〉) and
|Ψ+〉 = 1√
2
(|↑↓〉+ |↓↑〉) can be obtained from Eq.(3). If D2 = CE then the state is not
entangled, that is to say by local unitary transformation the state can be written as a direct
product. On the other hand, for the antisymmetric and entangled spin vector |χEA〉 one can
easily prove that the state is the remaining Bell state |Ψ−〉,
|χEA〉 = |Ψ−〉 =
1√
2
(|↑↓〉− |↓↑〉), (4)
It is also noted that if the spin degree of the system is not entangled, then one of the
Schmidts coefficients must vanish, and the other is equal to one.
By properly anti-symmetrized the total wave function and choosing the Coulomb gauge,
the interaction potential[10] to the v2/c2 is:
U = UC + USL + USS , (5)
where UC , USL and USS, denotes the Coulomb interaction with relativistic correction,
spin-orbital interaction, and spin-spin interaction respectively. The form of these three
interactions are as following:
UC =
e2
r
− pie
2
~
2
4c2m2
δ(r)− e
2
2m2c2r
{p1 · p2 + r · (r · p1)p2
r2
} (6)
ULS = − e
2
~
4m2c2r3
{r× (p1 − p2) · (σ1 + σ2)} (7)
USS =
e2~2
4m2c2
{[8pi
3
δ(r) +
1
r3
](σ1 · σ2)− 3(σ1 · r)(σ2 · r)
r5
}. (8)
It is noted that all the correction terms are of the same order which is v2/c2 correction to the
Coulomb potential e
2
r . By applying these interacting potentials in the Born approximation,
a systematic analysis on entanglement can be proceeded. However, it is not consistence if one
stops at the first Born approximation of order α. As well known in atomic physics problem,
the energy correction due to the relativistic effect is the same order as α2. Furthermore,
for electrons in metal, the Fermi velocity vF is of the order of 10
6m/s and hence the ratio
vF /c is the same order as α. Therefore, consistency requires the consideration of the second
Born term which is O(α2). This higher order analysis will be discussed later.
In order to address the generation and evolution of entangled states of two electrons,
the effects of the spatial wave function must be considered. According to the principle of
quantum mechanics on identical particles, the total wave function is either symmetric or
antisymmetric depending on the nature of the system. Therefore any sensible discussions
on entanglement must take into account the spatial property. This is in contrast to the
conventional discussion on entanglement where only the spin states are involved. With this
in mind the problem can be posed in the following way. If the system is prepared without
spin entanglement, then after scattered by the above interaction potentials, is it possible
to generate a spin entangled state? The more interesting question is what type of spin
entanglement state is robust during the scattering process? These questions are addressed
in the next section. Let us consider the two electron scattering process. The initial wave
function can be prepared as the simultaneous eigenfunction of the Hamiltonian and total
3
momentum operators. The three possible different forms of the wave function are:
|Ψ(1)〉 = |ψA(p1,p2)〉 ⊗ |χ 6ES 〉
|Ψ(2)〉 = |ψA(p1,p2)〉 ⊗ |χES 〉 (9)
|Ψ(3)〉 = |ψS(p1,p2)〉 ⊗ |χEA〉.
Here, |ψS(p1,p2)〉 and |ψA(p1,p2)〉 represent respectively the symmetric and antisymmet-
ric wave functions of the system with momenta p1 and p2. (Such initial states in principle
can be created by doubly ionizing the two electrons in the ground state of the helium atom.)
The explicit form of these functions |ψS〉 and |ψA〉 are :
|ψS(p1,p2)〉 = 1
(2pi~)3/2
{e i~ (p1·x1+p2·x2) + e i~ (p2·x1+p1·x2)}
|ψA(p1,p2)〉 = 1
(2pi~)3/2
{e i~ (p1·x1+p2·x2) − e i~ (p2·x1+p1·x2)}.
The form of |χES 〉 and |χEA〉 are given by Eqs. (3) and (4) respectively. The state |χ 6ES 〉
representing the no entangled spin state is :
|χ 6ES 〉 = C |↑↑〉 +D(|↑↓〉+ |↓↑〉) +G |↓↓〉 with D2 = CG. (10)
Let the initial and final states of the system be denoted respectively as |Ψ(k)i 〉 and |Ψ(k)f 〉
where k represents any one of the states of Eq.(9). Due to the fact that some of the terms of
the interaction potential U , such as UC , ULS and {σ1 · σ2}, are commuting with total spin
S = s1+s2, therefore the scattering process through these terms is spin angular momentum
conserving. Even though the last term of Eq.(8) does not commute with the total spin S,
however when acting on either symmetric or antisymmetric spin state, the resulting state
retains the same symmetry property. This is due to the fact that this term is symmetric.
Explicitly the form of the resulting states are:
(σ1 · r)(σ2 · r)|χA〉 = −r
2
4
|χA〉 (11)
(σ1 · r)(σ2 · r)|χS〉 = ω1 |↑↑〉 + ω2(|↑↓〉+ |↓↑〉) + ω3 |↓↓〉 (12)
where ωi are some spatial factors. Then it is obvious that the scattering between symmetric
and antisymmetric spin state by this term produces zero transition amplitude. As a result
the total scattering amplitude of the initial state |Ψ(1)i 〉 is :
〈Ψ(k)f |U |Ψ(1)i 〉
{
= 0, k = 3
6= 0, otherwise. (13)
This result shows that as the initial state being no spin entanglement, the probability
for creating a spin singlet entangled state |Ψ(3)f 〉 is zero. This result also holds for the
initial state being |Ψ(2)i 〉, which is an entangled spin triplet state. On the other hand,
by taking the spin singlet state |Ψ(3)i 〉 as initial state, one can make use of the complex
conjugate of the above results to conclude that the final state can only be the same spin
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Figure 1. (a)The ladder and (b)the crossed diagrams of two-photon exchange processes.
entangled state. Furthermore, the results also imply if we prepare an initial spin state as
either |χ 6ES 〉 or |χES 〉, the interaction potential U can change the degree of spin entanglement.
For example, the spin triplet entangled state |χES 〉 can scatter into a no spin entangled
state |χ 6ES 〉. Therefore one has an important conclusion that, by taking QED into account,
the degree of entanglement is not an invariant concept during time evolution. From above
discussions, one may conclude that, due to the stability of entanglement of the spin-singlet
state, implementation of spin-singlet state in quantum computation is more practical.
In order to justify the above conclusion, it is necessary to establish the fact that the
high-order corrections do not spoil the result. Furthermore, there is also another important
issue which requires at least to include the next order correction. This was mentioned earlier
that all correction terms are of the same order O(v2/c2) correction to the Coulomb potential
e2
r . Since the magnitude of v
2/c2 is the same as α2, the second Born approximation by the
interaction potential U should be included in the discussion.
A complete α2 correction to the scattering amplitude must include also the radiative
correction to the coupling constant α and the electron mass. However, since this work is only
considering the non-relativistic expansion, these radiative effects do not alter the results of
scattering and will be neglected. The second Born approximation can be obtained directly
from calculating the corresponding Feynman diagrams which are the ladder and crossed
diagrams given in figure 1. This approach is quite elaborated for the result of this section.
Fortunately, there exists an effective way of calculating the results within the validity of the
non-relativistic expansion. It is known that the α2-correction can be obtained by a second
order potential U (2):
U (2) = V
(2)
L + V
(2)
X , (14)
where V
(2)
L and V
(2)
X are calculated from the ladder and crossed diagrams respectively. Even
though the form of these potentials are gauge dependent, it has been shown that the total
scattering amplitudes are gauge independent[11]. Therefore one can chooses a convenient
gauge to calculate the amplitude. In the present study the Coulomb gauge is more suitable,
as will be shown latter, the leading relativistic correction of the V
(2)
X vanishes in the Coulomb
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gauge.
To ease the discussion, the notation for the wave function is modified slightly. All the
initial states of two electrons are written as |ab〉 and the final states as |cd〉. The lowest
order scattering amplitude 〈cd|S(1)|ab〉 can be identified with a potential scattering with
the interaction potential U given by Eq.(5) :
〈cd|S(1)|ab〉 = −2piiδ(εa + εb − εc − εd)〈cd|U12|ab〉, (15)
where εa denotes the energy eigenvalue of the free electron of state a and U12 is the potential
of vertices 1 and 2 . The two-photon exchange contributions to the order of interest, namely
O(α2), can be expressed as the effective potentials which are given by :
〈cd|V (2)L |ab〉 = −
1
2pii
∑
rs
∫
dz
〈c3d4|U34(εa − εc − z)|r3s4〉〈r1s2|U12(z)|a1b2〉
(εa − εr − z + iηεr)(εb − εs + z + iηεs) (16)
and similarly for the crossed diagram
〈cd|V (2)X |ab〉 = −
1
2pii
∑
rs
∫
dz
〈c3s4|U34(εa − εc − z)|r3b4〉〈r1sd2|U12(z)|a1s2〉
(εa − εr − z + iηεr)(εd − εs + z + iηεs)
. (17)
Here, Uij(cq) is the Fourier transform of the potential with q being the three dimensional
momentum transfer. As shown in Lindgren’s work[11], the result of Eq.(16) can be simplified
as :
〈cd|V (2)L |ab〉 =
1
2
∑
rs
{〈cd|r−112 |rs〉〈rs|V BM |ab〉+ 〈cd|V BM |rs〉〈rs|r−112 |ab〉}
(εa + εb − εr − εs) (18)
Here, V BM is the generalized potential of Brown and Mittleman[12]
〈rs|V BM |ab〉 = 1
2
〈rs|U(εa − εr) + U(εb − εs)|ab〉. (19)
Since what one needs from this calculation is the order α2 correction, it is obvious that
one should only keep the Coulomb potential e2/r of U in the above expression for V BM .
However, due to fact that the Coulomb potential does not flip the spin of electrons, hence
V
(2)
L does not scatter the spin-singlet state into other spin configuration. It is now important
to show that V
(2)
X also preserves the spin-singlet state.
For the crossed diagram, one can also simplify Eq.(17) and the result is:
〈cd|V (2)X |ab〉 = −
1
2
∑
rs
{〈cs|r−112 |rb〉〈rd|V diff |as〉+ 〈cs|V diff |rb〉〈rd|r−112 |as〉}
(εa + εs − εd − εr) (20)
, where V diff is the difference potential
〈rs|V diff |ab〉 = −〈rs|U(εa − εr)− U(εb − εs)|ab〉. (21)
Thus, within the same approximation, one should retain only the Coulomb potential
and therefore a vanishing V diff is obtained. As a result, to the leading relativistic order,
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V
(2)
X does not contribute to the scattering process. This completes the proof of the stability
of the spin-singlet entanglement.
Recently, people have tried to control electron spin as qubit directly in some condensed
matter system, such as electrons in quantum dots. It is also claimed the interaction of such
system can be described by the Heisenberg Hamiltonian H = J(t)σ1 · σ2. It is easy to check
that the Bell states are stable during time evolution with this Hamiltonian. However, in
this approach, spins are the only variables of the system which, in general, can not properly
describe electrons. As pointed out earlier, it is inadequate by neglecting the spatial wave
function which is involved in the formalism of identical particles. The effects of identical
particle on entanglement can be seen from previous discussion that the entangled spin-triplet
states, such as Bell states, can evolve into no spin entangled state. As a result the concept of
entanglement for spin-triplet state is not practical. This is in contrast to the case described
solely by the Heisenberg Hamiltonian. On the other hand, as shown also in this work,
the spin-singlet state which is entangled by nature is stable to a high degree of accuracy.
Therefore, for any practical implementation of entangled state with spin, the spin-singlet
state should deserve more attention. Furthermore, the result obtained here by considering
the antisymmetric wave function, implies that the spin-singlet entangled state can not be
generated from the other spin configuration regardless of its state of entanglement .
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